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Abstract: This paper is devoted to the study of the large time behaviour of viscosity 
solutions of parabolic equations with Neumann boundary conditions. This work is the sequel 
of [13] in which a probabilistic method was developed to show that the solution of a parabolic 
semilinear PDE behaves like a linear term XT shifted with a function v, where (v, A) is the 
solution of the ergodic PDE associated to the parabolic PDE. We adapt this method in finite 
dimension by a penalization method in order to be able to apply an important basic coupling 
estimate result and with the help of a regularization procedure in order to avoid the lack of 
regularity of the coefficients in finite dimension. The advantage of our method is that it gives an 
explicit rate of convergence. 
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1 Introduction 


We are concerned with the large time behaviour of solutions of the Cauchy problem with Neu¬ 
mann boundary conditions: 


du(t,x ) 

du^t,x) 

dn 

it(0, x ) 


= x) + f(x, S7u(t, x)cr), 
+ g(x) = 0, 

= h(x), 


V(f, x) £ R + x G, 
V(t, x)_<E M+ x dG, 
Vx g G, 


( 1 . 1 ) 


where, at least formally, \/if> : G —> R, 

(3?ifi)(x) = i T r(a t aV 2 i/j(x)) + {b(x), Vip(x)), 

and G = {</> > 0} is a bounded convex open set of R d with regular boundary, u : K+ xG->l 
is the unknown function. We will assume that b is Lipschitz and a is invertible, h is continuous 
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and g £ ^ (G). Furthermore we will assume that the non-linear term f(x, z) : R d x R lxd —> R 
is continuous in the first variable for all z and there exists C > 0 such that for all x £ R d , 
Vzi,Z 2 £ R lxd , \f(x,zi) — f(x,Z 2 )\ < G\z\ — Z 2 1• Finally in order to obtain uniqueness for 
viscosity solutions of ED, we assume that dG is W 3,oc and that there exists m £ ^((0, +oo), R), 
m(0 + ) = 0 such that \/x 7 y £ G, Vz £ R lxd , 

I/0, z) - f(y , z)| < m ((1 + |z|)|a: - y|). 

A lot of papers deal with the large time behaviour of parabolic PDEs (see for e.g. |21| . |11| . [15] . 
m , na or 0), but there are not a lot of them which deal with Neumann boundary conditions. 
In [3], Benachour and Dabuleanu study the large time behaviour of the Cauchy problem with 
zero Neumann boundary condition 

( du ^ x ) — Au(f,x) + a|Vu(f, x)| p , V(t,x)£R+xG, 

J M| £ ) =0j V(£, x)€ R+ x dG, (1-2) 

{. u(0, x) = h(x), WxgG, 

where a£l, a/0, p>0 and G is a bounded open set with smooth boundary of class. The 
large time behaviour depends on the exponent p. If p £ (0,1), and if h is a periodic function, 
then the solution is constant from a finite time. That is, there exist T* > 0 and c £ R such that 
u(t , x) = c, for all t > T*. When p > 1, any solution of ED converges uniformly to a constant, 
as t —y -f-oo. 

In E, Ishii establishes a result about the large time behaviour of a parabolic PDE in a 
bounded set with an Hamiltonian of first order H(x,p), convex and coercive in p and with 
Neumann boundary coniditons. 

In [5j, Barles and Da Lio give a result for the large time behaviour of ED- Moreover, 
the result about the large time behaviour has been improved by Da Lio in [B] under the same 
hypotheses. In this last paper, the author studies the large time behaviour of non linear parabolic 
equation with Neumann boundary conditions on a smooth bounded domain G: 

( du ^ x ^ -j- f(x , 7 u(t, x ), VVt, x)) = A, V(t,i)£l + xG, 

\ L(x,'Vu(t,x)) = p, V(t, x) £ R + x G, (1-3) 

( m(0, x) = h(x), \/x £ G. 

The spirit of this paper is slightly different from our work. Indeed, the result says that VA £ R, 
there exists p £ R such that ED has a continuous viscosity solution. Moreover there exists a 
unique A such that p( A) = A for which the solution of (11.31) remains uniformly bounded in time 
u. Then, there exists Uoo solution of the ergodic PDE associated to (11.31) such that 

u(t,x) —> Uoc^x), uniformly in G. 

£—>• + 00 

We mention that no convergence rates are given in the above papers [31E El- 

Let us now state our main idea and result. Our method is purely probabilistic, which can 
be described as follows. First, let us consider ( X x , K x ) t >o the solution of the following reflected 
SDE with values in G x R + , 

I X x = x + f* b(X x )ds + ft S7(j)(X x )dK x + fl adW s , t> 0, 

\ K x = Jll {XsegG} dK x , Vt> 0, 
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where W is an Revalued standard Brownian motion. Let (v, A) be the solution of the following 
ergodic PDE, 


( Jz?v(x) + f(x, Xv(x)a) — A = 0, Mx £ G, 
\^l+g(x) = 0, VxedG. 

Let ( Y t,x , Z T,X ) be the solution of the BSDE: 

/ = -/(X*, Zj< x )ds - g(X x )dK x + Zj’*dW s . 

X Y^ x = h(X£), 

and ( Y x , Z x . A) be solution of the EBSDE: 

di? = Z x ) - A)ds - g{X x )dK x + Z x dW s . 


Then we have the following probabilistic representation: 

f Y s t ’ x =u(T- S ,X x ), 

X Y x = v(Xf). 


Then, in order to apply the method exposed in m, we penalize and regularize the reflected 
process in order to apply the basic coupling estimates. Then, the use of a stability argument for 
BSDE helps us to conclude. Finally, we deduce that there exists a constant Lgl such that for 
all x S R d , 


\rT,x 

1 0 


-XT- Y 0 X 


T —>-+oo 


L, 


u(T, x) — XT — v(x) —> L. 

T-H-oo 

Our method also gives a rate of convergence: 

| u{T, x) — XT — u(x)| < Ce~ f ’ T . 

The main contributions of this paper are: (1) uniqueness of solution to the EBSDE by 
regularization of coefficients and by applying coupling estimate (see Theorem 13. 161 in Section 3); 
(2) a probabilistic method to prove the uniqueness of solution to ergodic PDE (see Lemma 13.181 
in Section 3); (3) an exponential rate of convergence for the large time behaviour of viscosity 
solutions of parabolic equations with Neumann boundary conditions, which seems to be new 
comparing with convergence results in Hi ng. 

The paper is organized as follows: In section 2, we introduce some notations. In section 3, we 
recall some existence and uniqueness results about a perturbed SDE, a reflected SDE, a BSDE 
and an EBSDE that will be useful for what follow in the paper. We recall how such BSDE and 
EBSDE are linked with PDE. In section 4, we study the large time behaviour of the solution of 
the BSDE taken at initial time when the horizon T of the BSDE increases. Then, we obtain a 
more precise result with an explicit rate of convergence in the Markovian case. In section 5, we 
apply our results to an optimal ergodic control problem. 
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2 Notations 


We introduce some notations. Let E be an Euclidian space. We denote by (•, •} its scalar product 
and by | • | the associated norm. We denote by B(x,M ) the ball of center x £ E and radius 
M > 0. Given 4> £ Bb(E), the space of bounded and measurable functions <f> : E —> R, we 
denote by ||</>||o = sup xgB |<^(x)|. If a function / is continuous and defined on a compact and 
convex subset G of R d , we define / R d := /(II(j;)) where II is the projection on G. Note that / R d 
is continuous and bounded. ^ (G) denotes the set of the functions of class whose partial 
derivatives of order k are Lipschitz functions. 

Given a probability space (fl, J^,P) with a filtration we consider the following classes of 
stochastic processes. 

1. L%(n,tf([0,T]-,E)),pe [1 , oo), T > 0, is the space of predictable processes Y with continuous 
paths on [0,T] such that 


\ Y \L%{n,^([0,T]-E)) 


sup |li| pN ) < oo. 
V *e[o,T] / 


2. L 2 ([0,T]\ E)), p £ [l,oo), T > 0, is the space of predictable processes Y on [0,T] such 

that 


\ Y \l%,(SI,L2([0,T],E)) 



< 00 . 


3. L 2 gg loc (fl, L 2 ([0, oo); E)) is the space of predictable processes Y on [0, oo) which belong to the 
space L 2 gg(Q, L 2 (\ 0, T]; E)) for every T > 0. We define in the same way L p ^> loc (£7, ^([0, oo); E)). 

In the sequel, we consider a complete probability space (f2, P) and a standard Brownian 
motion denoted by (W t )t>o with values in K. d . o will denote the natural filtration of W 

augmented with the family of P-null sets of &. 

In this paper, C denotes a generic constant for which we specify the dependency on some 
parameters when it is necessary to do so. In this paper, we will consider only continuous viscosity 
solutions. 


3 Preliminaries 

3.1 The perturbed forward SDE 

Let us consider the following stochastic differential equation with values in K d : 

/ AX t = d(X t )dt+ b{t,X t )dt + crdWt, t> 0, , , 

\ X 0 = x G R d . ^ I 

We will assume the following about the coefficients of the SDE: 

Hypothesis 3.1. 1. d : is locally Lipschitz, strict dissipative (i.e. there exists rj > 0 

such that for every x, y G R d , (d(x) — d(y ), x — y) < — rj\x — y\ 2 ) and with polynomial growth 
(i.e. there exists p > 0 such that for every x £ R d , |d(a;)| < C(1 + |a;| p )). 

2. b : R + x R d —> I d is bounded and measurable. 
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3. a £ R dxd is invertible. 


Definition 3.1. We say that the SDE (13.11) admits a weak solution if there exists a new &- 
Brownian motion (W x )t> o with respect to a new probability measure P (absolutely continuous 
with respect to ¥), and an 3P-adapted process ( X x ) t >o with continuous trajectories for which 
(ED holds with ( Wt)t>o replaced by ( W x )t>o■ 

Lemma 3.2. Assume that Hvvothesis \3. 1\ holds true and that b(t, •) is Lipschitz uniformly w.r.t. 
t > 0. Then for every x £ R d , equation admits a unique strong solution, that is, an adapted 
R d -valued process denoted by X x with continuous paths satisfying P-a.s., 

d(Xf)ds + [ b{s,X x )ds + [ adW s , Vt > 0. 

Jo Jo 

Furthermore, we have the following estimate: Vs > 0, 

n\x;\*]<c(i+\xn ( 3 . 2 ) 

If b is only bounded and measurable then there exists a weak solution (X,W) and uniqueness in 
law holds. Furthermore, (EH still holds (with respect to the new probability measure). 

Proof. For the first part of the lemma see ca, Theorem 3.3 in Chapter 1 or m, Theorem 3.5. 
Estimates (13.21) is a simple consequence of fto’s formula. Weak existence and uniqueness in law 
are a direct consequence of a Girsanov’s transformation. □ 

We define the Kolmogorov semigroup associated to Eq. (13.11) as follows: V</> : R d —> R 
measurable with polynomial growth, 

3> t mx)=E <f(X x ). 

Lemma 3.3 (Basic coupling estimate). Assume that Hypothesis 1,7.II holds true and that b(t , •) is 
Lipschitz uniformly w.r.t. t > 0. Then there exists c > 0 and fj > 0 such that for all </> : R d — > R 
measurable and bounded, 

- ^tW\{y )| < c(l + \x\ 2 + \y\ 2 )e~ vt sup \4>{x)\. (3.3) 

X 

We stress the fact that c and i) depend on b only through sup 4>0 sup xgR d \b(t,x)\. 

Proof. See p~8| . □ 

Corollary 3.4. Relation \3.3i) can be extended to the case in which b is only bounded and mea¬ 
surable and for all t > 0, there exists a uniformly bounded sequence of Lipschitz functions in x, 
(b n (t, •))„>! (i.e. Vn £ N, b n (t,-) is Lipschitz uniformly w.r.t. t> 0 and sup„ sup t sup^, \b n (t, x )| < 
+oo ) such that 

lim b n (t,x) = b(t,x), Vf > 0, Vx £ l? d . 

n 

Clearly in this case in the definition of SAt [</>] the mean value is taken with respect to the new 
probability measure P. 
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Proof. It is enough to adapt the proof of Corollary 2.5 in [7j- The goal is to show that, if SP n 
denotes the Kolmogorov semigroup corresponding to equation (13.11) but with b replaced by b n , 
then Vx £ R d , Vt > 0, 




n —>-+oo 


^t[4>\{x ). 


□ 

Remark 3.5. Similarly, if there exists a uniformly bounded sequence of Lipschitz functions 
'))meN,ngN (he. Vn £ N, Vto £ N, •) is Lipschitz uniformly w.r.t. t > 0 and 

sup m sup„ sup t supj. \b m>n (t, x)| < +oo) such that 

lim lim b m n (t, x) = b(t, x), Mt> 0, Vx £ R d , 

then, if & ,rn ’ n is the Kolmogorov semigroup corresponding to equation (13.11) but with b replaced 
by 6 m , n , we have Vt > 0, Vx £ R d , 

limlim^ t m ’”[</>](x) = £»[$(x), 

m n 

which shows that relation (13.31) still holds. 

We will need to apply the lemma above to some functions with particular form. 

Lemma 3.6. Let f : R d x l lx<! £ I be continuous in the first variable and Lipschitz in the 
second one and £, £' be two continuous functions: M + x R d — > R lxd be such that for all s > 0, 
£(s, •) and £'(s, •) are continuous. We define, for every s > 0 and x £ R d , 

x(s x \ = / /(a |cK) ) -/i»,x)[a’ 3 !)) < (C(a. *) - C'(«> x)), if C(s, x) ± C(s, x), 

\ 0, if C(s,x) = C(s,x). 

Then, there exists a uniformly bounded sequence of Lipschitz functions (Tm,n(s,-))meN,neN (i.e., 
for every ttl £ and n £ , TC Tn^n^s, is Lipschitz and sup^^ sup^ sup^ sup^ | T (s,x)| < 
+oo ) such that for every s > 0 and for every x £ 

Vx £ R d , lim lim T m n (s, x) = T(s, x). 

m —>-+oo n —>-+oo ’ 

Proof. See the proof of Lemma 3.5 in 0. □ 


3.2 The reflected SDE 

We consider a process Xf reflected in G = {cf> > 0}. Let (Xf, Kf ) t >o denote the unknown of 
the following SDE: 

( Xf =x + J*b(Xf)ds + f*Xcl>(Xf)dKf + f*adW t , t £ R+, 

\ Kf = tit {x * edG} dKf. ' 

Hypothesis 3.2. 1. b : G —> R d is Lipschitz. 

2. er £ R dxd is invertible. 

We will make the following assumptions about G. 
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Hypothesis 3.3. 1. G is a bounded convex open set of R d . 

2. (j) £ ^ p (R d ) and G = {</> > 0}, dG = {</> = 0} and Vx £ dG , |V</>(x)| = 1. 

Remark 3.7. Let us denote by n(x) the projection of x £ R d on G. Let us extend the definition 
of b to R d by setting, Vx £ R d , 

b(x) := -x + 0(II(x)) + II(x)). 


Note that d{x) := —x is strictly dissipative and that p(x) := &(II(x)) + II(x) is Lipschitz and 
bounded. Therefore, b is weakly dissipative (a function is called weakly dissipative if it is a sum 
of a strictly dissipative function and a bounded one), and satisfies Hypothesis 13.II 

Let us denote by (Xf' n ) the solution of the following penalized SDE associated with (13.41) : 


X x,n 
/■ — ; 


b(X x ’ n ) + F n (X x ’ n ) 


/o L 


ds 


crdWe 


where Vx £ R d , F n (x) = —2 n(x — n(x)). 

Lemma 3.8. Assume that the Hvvotheses 13. 6 A and \3.3\ hold true. Then for every x £ G there 
exists a unique pair of processes (Xf, Kf) t > o with values in (G x R + ) and which belongs to the 
space L^ ioc (fl, ^([0, +oo[; R d )) x L p ^, loc (Tl,to{[d, +oo[; R+)) , Vp £ [l,+oo[, satisfying { [33]) and 
such that 


rff := [ X 4>{Xf)dKf, has bounded variation on [0,T], VO < T < +oo, r) g = 0, 

Jo 


and for all process z continuous and progressively measurable taking values in the closure G we 
have 

T 

(Xf - z s )dK x s <0, VT > 0. 

Finally, the following estimates holds for the convergence of the penalized process: for any 1 < 
q < p/2, for any T > 0 there exists C > 0 such that 


E sup \X?’ n 

0 <t<T 


X?\ P < ~ q - 

ni 


Proof. See Lemma 4.2 in Qj5J. 


□ 


3.3 The BSDE 

Let us fix T > 0 and let us consider the following BSDE in finite horizon for an unknown process 
(r s T ’*’ x , Z s T ’ M ) se[t , T ] with values in R x R lxd : 

Y Ft,x = £T + f f^ x ,Z^ x )dr+ f g{X t r ’ x )dK t r ' x - f Z^’ x dW r , Vs € [t,T], 

J s J s J s 

(3.5) 

where (X* ,x , Fs X ) s e[t,T] is the solution of the SDE (13.41) starting from x at time t. If t, = 0, we 
use the following standard notations X x = X°’ x ,K x = K°’ x , := Y^°’ x and = Zj’°’ x . 

We will assume the following assumptions. 
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Hypothesis 3.4 (Path dependent case). There exists G > 0, such that the function / : G x 
R lxd —► R and f T satisfy: 

1 . is a real-valued random variable measurable and \f T \ < G. 

2. Vx G G, Vzi,z 2 € K lxd , |/(x,zi) - f(x,z 2 )\ < C\z i - z 2 |. 

3. Vz G K lxd , /(-,z) is continuous. 

4-5 6 ‘^’iip(G). 

Lemma 3.9. Assume that the Hypotheses 1 3. 2[ 1,9.,'91 anc/ |3.^| hold true, then there exists a unique 
solution (Y^’ t,x , Zf’ t,x ) G x L%{Cl,L?([0,T]-,R lxd )). 

Proof. See Theorem 1.7 in [32]. □ 

Hypothesis 3.5 (Markovian case). There exists C > 0 such that 

1 . f T = h(Xj,), where h : G —> M is continuous. 

2. Vx G G, Vz, z' G R lxd , | f{x, z) - /(x, z')\ < C\z - z'|. 

3. Vz G K lxd , /(-,z) is continuous. 

4 - g G ‘^Hp(G). 

Let us consider the following semilinear PDE: 


du ^ x ) _|_ x) + /(x. Vu(f, x)u) 

5 # i +fl(*)=0, 

u(T, x) = /i(x), 


0, V(t, x) G [0, T] x G, 
V(t, x) G [0, T] x <9G, 
Vx G G, 


(3.6) 


where «S?u(f, x) = | Tr(cVcrV 2 M(t, x)) + (b(x), Vu(f, x)). 

Lemma 3.10 (Existence). Assume that the Hvvotheses \3.‘A [3.5 1 and \3.5\ hold true, then there 
exists a continuous viscosity solution to the PDE H3. 61) given by 

u T (t,x) = Y? 4 ’*. 


Proof. In our framework, icrfy, x) G *«f([0, T] x G;R). Indeed, first as in the proof of Theorem 
3.1 in |23j . we deduce the existence of a function v 1 : G —> R which belongs to the space ^f p (G) 
and which is solution of Helmholtz’s equation for some aGl, 

J Au 1 (x) — av 1 (x) = 0, 

1 ^+ «(*) = o. 

We set Yf’ t,x = v 1 (Xl’ x ) and Zl ,t,x = Vv 1 (Xl ,x )a. These processes verify, Vs G [f, T], 

i-T r T r T 

Y^’ x = v 1 (X% x )+ / [-Affy(X‘’ x )]dr+ / g(X*’ x )dKp x - Z^ x dW r , 

J s J s J s 


where 

22?fy(x) = ^ Tr(crVV 2 u 1 (x)) + (6(x), Vx 1 (x)). 
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Then, if we define 


yT,t,X -yT,t,X 

* s s 

2?T,t,x 2?T,t,x 


v\Xl ■*), 
Xv 1 (Xl’ x )a, 


(Y T ’ t ' x ,Z T ' t ’ x ) satisfies the BSDE, Vs £ [t,T]: 


r T 


yT,t,x = ( /l _ w 1 )( X M) + / f(X t r ’ x ,Z?’ t ’ x + Vv 1 (Xt.’ x )a) + ^{X^) 


dr 


Zj’^dWr, 


which shows, since v 1 £ < ^? p (G), that \ (t,x) i—X is continuous. To show that ur(t,x) is 

a viscosity solution of (13.61) see [22], Theorem 4.3. □ 

Uniqueness for solutions of (13.61) holds under additional assumptions in our framework. 

Hypothesis 3.6. 1. dG is of class fU 3 ’°°. 

2. 3m £ ^((0, +oo), R), m(0 + ) = 0 such that Va v,y £ G,Vz G R lxd , 


\f{x, z ) - /(y, z) | < to ((1 + |2|)|x - y|). 

Lemma 3.11 (Uniqueness). Assume that the Huvotheses \3.‘A[37S[\3.5\ and \3.6\ hold true. Then, 
uniqueness holds for viscosity solutions of (EH). 

Proof. See Theorem II. 1 in [I]. □ 

Remark 3.12. By the following change of time: urit, x) := uriT—t, x), we remark that ur(t , x) 
is the unique viscosity solution of (11.11) . Now remark that ut{T,x) = ut( 0,x) = Y^’°' x = Y ^' x , 
therefore the large time behaviour of Yq’ x is the same as that of the solution of equation (O). 


3.4 The EBSDE 


In this section, we consider the following ergodic BSDE for an unknown process (Y x ,Zf, A)t>o 
with values inlxl lxd x M: 

r T r T r T 


Y x = Y3f+ (/( Xf, Z x ) - A)ds + / g(X x s )dK x s - / ZfdW„ VO < t < T < +oo. 


(3.7) 


Hypothesis 3.7. There exists C > 0 such that, 

1. Vx G G, Vz, z’ G R lxd , | f{x, z) - /(:r, z’)\ < C\z - z '|. 

2. \/z G R lxd , f(-,z) is continuous. 

3- g G f ^i p (G). 

Without loss of generality, we assume that 0 G G. 
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Lemma 3.13 (Existence when Neumann boundary conditions are null). Assume that g = 0 
and that the Hypotheses \3.2l \3.3[ and \3.7\ hold true. Then there exists a solution (Y X ,Z X , A) £ 
^([0,+°o[;R)) x L 2 g? Zoc (f2, L 2 ([0, +oo[; K lxd )) x R to i3. 71) . Moreover there exist v : 
G —> R and £ : G —> R lxd measurable such that for every x,y £ G, for all t > 0, 

Y?=v(X?),Zf=Z(X?), 

«( 0 ) = 0 , 

K®) - v(y)\ < C, 

|n(x) - n(y)| < C\x - y\. 

Proof. First let us recall that by Remark 13.71 one can replace b by its extension b which is weakly 
dissipative. Therefore, replacing / by / R d, we obtain, by Theorem 4.4 in m that there exists 
v : G —> R and £ : G —> R lxd measurable such that for every x, y £ G, for all t > 0, 

Y?=v(X t *),Z? = £(X?), 

«(0) = 0, 

|u(x) - u(y)| < <7(1 + \x\ 2 + \y\ 2 ), 

Kz) - v(y)\ < C( 1 + \x\ 2 + \y\ 2 )\x - y\. 

And the result follows by the boundedness of G. □ 

Lemma 3.14 (Existence). Assume that the Hypotheses 1 3. A 1 3. 3\ and 1 3 . 71 hold true. Then there 
exists a solution (Y X ,Z X , A) £ L 2 ^ !oc (f2, ^([0, +oo[; R)) x L 2 ^ ioc (f2, L 2 ([0, +oo[; R lxd )) xl to 
the EBSDE 13. 71) . Moreover there exists v : G —> R such that for every x,y £ G, for all t > 0, 

Y t x = v(Xf), 

Kz)| < C, 

\v(x) - v(y )| < C\x — y\. 

Proof. First as in the proof of Theorem 3.1 in [22], we deduce the existence of a function v 1 : 
G —> R which belongs to the space Yf(( p (G) and is solution of Helmholtz’s equation for some 
cn G M, 

J Av 1 (x) — av 1 (x) = 0, 

1 ^+sM=0 . 

Then, if we define ( Yf := v 1 (Xf),Z} := Wv 1 (Xf)a), (Y^Z 1 ) satisfies, for every 0 <t<T< 
+oo: 

Y t = y t + [ T [-Sfv 1 (Xf)] ds + [ T g(Xf)dKf - [ T Z]AW a , (3.8) 

Jt Jt Jt 

where 

(Jfu 1 )^) = llt(ffWV) + (6(a;), Vu 1 ). 

Now consider the following EBSDE: 

y t 2 = y t 2 + [f 2 (xf,z 2 s ) - A]ds - zfdw s , vo < t < t < +oo, ( 3 . 9 ) 
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with f 2 (x,z) := + f(x,z + Vv 1 (x)a). Since Vz G R lxd , f 2 {-,z) is continuous and since 

for every x G G, / 2 (x, •) is Lipschitz, one can apply Lemma 13.131 to obtain the existence of a 
solution {Y 2 = v 2 {X x ),Z 2 = £ 2 (Xf)) to EBSDE (13.91) such that v 2 is continuous. We set 

Y t x = Y/ + Y 2 = v\X x ) + v 2 (X x ), 

Z? = Z\ + Zf = Vv\X?)a + fix?)- 

Then (Y x , Z x . A) is a solution of the EBSDE (IT 71) . □ 

Theorem 3.15 (Uniqueness of A). Assume that the Hypotheses IV.il \'.J. .71 and \3. 71 hold true. If 
(Y 1 , Z 1 , A 1 ) and (Y 2 ,Z 2 , A 2 ) denote two solutions of the EBSDE (13.71) in the class of solutions 
(Y,Z, A) such that Vt > 0,\Y t \< C, P-a.s. and Z € L 2 ^, loc (fl,L 2 ([0,oo[;R lxd ), then 

A 1 = A 2 . 


Proof. See Theorem 4.6 in [5]. 

Let us now state our main result of this section. 


□ 


Theorem 3.16 (Uniqueness of solutions (Y, Z, A)). Assume that the Hypotheses 13. A \S.S\ and 
1 3 . 71 hold true. Uniqueness holds for solutions (Y, Z, A) of the EBSDE (13.71) in the class of 
solutions such that there exists v : G —> R continuous, Y s = v(X x ) with u(0) = 0, and 
ZGL% loc (n,L 2 ([0,^[-R^ d ). 

Proof. Let (Y 1 = v 1 (X x ), Z 1 , A 1 ) and (Y 2 = v 2 (X x ), Z 2 , A 2 ) denote two solutions. Then from 
Theorem 13.151 we deduce that A 1 = A 2 =: A. 

Now, let us denote by v : G —> M, v G t£) 2 p (G) and solution of Helmholtz’s equation for some 
a G R 


Av(x) — av(x) = 0, 

+ sM = o. 

Then, if we define (Y t := v(X x ), Z t := Vv(Xf)cr), (Y, Z) satisfies, for every 0 < t < T < +oo: 


Y t = Y T + 


[ l-JYv(Xf)]ds+ f g(X x )dK x - f Z s dW s , 
Jt Jt Jt 


(3.10) 


where 


(J?v)(x) = — Tr(a t aV 2 v) + (b(x), Vv). 

Therefore, {Y t l = Yf — v{X x ), Z] = Z\ — t Vv(Xf)a) satisfies the BSDE, VO < t < T < +oo, 


Yt = Yi 


[ T f{Xf , Z x )ds — f T Z l s dW s , 

Jt Jt 


pl xd 


where Vx, z G M“ x 

f(x, z) = / (x, z + t Vv 1 (x)a) — A + Atfv(x). 

Then, let (Y 1 ’ T ’ t ’ x , Z^ T ^ x ) be the solution of the following BSDE, Vs G [t,T], 

yi, T ,t, x = _ v )(x^ x ) + f(Xf, Zl’ T ’ t ’ x )ds - Zy^dWs. 
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By uniqueness of solutions to BSDE, we deduce that 

1/ \ / \ O-l,T,0,a; 

v (x) — v[x) = y 0 

Now, we fix infinitely differentiable functions p e : R d —» bounded together with their deriva¬ 

tives of all order, such that: f Rd p e (x)dx = 1 and 

supp(pe) |£| < e} , 

where supp denotes the support. Then we define Vn £ N, 


{F n )e( x)= p e {y)F n (x-y)dy, 

J R d 

b s {x) = / p E (y)b(x - y)dy. 

J R<* 

Let us denote by X t,a: ’ n ’ e the solution of the following SDE, Vs > t, 

X W = X + J'(b e + (Fn)e ) (**,*,»> £ )dr + J‘ adW r , 

and let (ybTt.x.n,^ Z 1 ’ T ’ t ’ x ’ n ’ e ) be the solution of the following BSDE, Vs £ [t,T], 


Y^,T,t,x,n,s _ 1 _ 


(v 1 - v)(Xl’ x ’ n ' £ ) + f(Xt' x ’ n ’ c ,Zi’ T ’ t ’ x ' n ' e )dr- J Zl< 


T,t,x,n,e 


dW„. 


Then by a stability result, (see for e.g. Lemma 2.3 of El), we deduce that 

1 • T -xrl.T.O.X.n.e ^rl,T,0,X 1 / \ / \ 

lim lim Y 0 = rQ = v (xj — vlx). 

n— >-+cxd e—»-+oo 


(3.11) 


Similarly, defining (Y 2 ’ T ’ t ' x , Z 2 ’ T ’ t ’ x 'j and (Y 2 ’ T ,t, x ,n,e , Z 2 ,T,t,x,n,e^ ; n same wa y ; we deduce 


that 


1 * i- -*y-2,T,0,x,n,£ : f}2,T,0,x 2/ \ / \ 

lim lim y n = y n = v (x) — v(x). 

n-»>+ oo £->-|-oo u u \ \ / 


Furthermore, by Theorem 4.2 (or Theorem 4.2 in [3]), if we define w 1,T ’ ra ’ £ (t, x) := Y^’ T ’ t ’ x ’ n ’ s 
then (x i—^ M 1,T,n,E (t, x)) is continuously differentiable for all t £ [0,T[, and Vs £ [t,T[, 

z l,T,t,x,n,e = V, t 1 ' T ,"^(s,lf,"' e ) (J . 

Similarly, we define u 2,T ’ n ' E (t,x) := Y 2 ’ T,t,x ’ n,E and then 

z 2,T,t,x,n,e = V U 2 ’ T ’»,e( S) X*’ x ’ n ’ £ )<7. 

Therefore, taking t = 0, VT > 0, 


i 1 ' T ’ n ’ e (0, x) - u 2 ' T ’ n ’ e (0, x) = (u 1 - v 2 )(X x ’ n ’ E ) - [ (Zl’ T ’ x ’ n ’ £ - Z 2 ’ T ' x ' n ’ £ )dW s 

Jo 


r T r 


f ^X x ’ n,£ ^l,T,£,n,£j _ y^j^-x,n,£ ^2 ,T,x,n,e^ 


ds 


/I 2\ / \rx,n,£\ 

= (v - V ){X T ’ ) 


- f (. zl’ T ’ x ’ n ’ E - Z 2 ’ T ’ x ’ n ’ E ){-P{s , X*-"> £ )ds + dW s ), 

Jo 
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where 


! (f(x, i Vu 1 ’ T ’ n ’ e (s,x)a)-f(x, 1 Vu 2 ’ T ’ n ’ e (s,x)<7)( t Vu 1 ’ T ’ n ’ e (s,x)a- t Vu 2 ’ T ’ n ’ e (s,x)a) 1l 

I (s,x)(T — t ^U 2 ’ 1 ’ Th ’ £ (s,x)(T | 2 S<T ) 

if Vu 1,T,n ’ £ (s,x) ^ Vu 2,T,n ’ e (s, x), 

0 , otherwise. 

The process (/3 T (s, ^f^’"’ e )) s e[o,T] is progressively measurable and bounded, therefore, we can 
apply Girsanov’s Theorem to obtain that there exists a new probability measure Q T equivalent 
to P under which ( W t - f* j3(s, X x ’ n ’ £ )ds) te[o,T] is a Brownian motion. Therefore, denoting by 
E^ T the expectation with respect to the probability Q T , 

^’^(O, x) - u 2 ’ T ’ n ’ e { 0, x) = E« T [(u 1 - v 2 )(X x ’ n ’ e )] 

= ^tIv 1 — v 2 }(x ), 

where is the Kolmogorov semigroup associated to the following SDE, Vt > 0, 

U t x = x + J^ (% + (F„) e ) (U x )ds + J a/3(s, Uf)ds + J adW s . 

By Corollary [23 and Remark 13.61 we deduce that 

|u 1 ’ T ’ n > e (0,a;) - u 2,T,n,£ (0,x) - {^’^{0,0 ) - (u 2 ’ T ’ n ’ e (0,0))| < Ce~^ T . 

Therefore, thanks to (I3.11jl . 

|u 1 (a:) — v 2 (x) — (u 1 (0) — u 2 (0))| < Ce _ ^ T . 

Therefore, since u 1 (0) = v 2 (0) = 0, letting T —> +oo we deduce that 
v 1 (x) = v 2 (x),Wx £ G. 


□ 


We recall the link of such EBSDE with ergodic PDE. Let us consider the following ergodic 
semilinear PDE for which the unknown is a pair (y, A): 


/ 3fv(x) + f(x, Xv(x)a) - A = 0, Va; £ G, 

l^ + »W = o, Vxeac. (3 ' 12) 

Lemma 3.17 (Existence of ergodic viscosity solutions). Assume that the Hypotheses 1 8. A 1 .9. .91 
and \8. 71 hold true then the solution (v,X) of Lemma \3.1f\ is a viscosity solution of (13.121) . 

Proof. Note that v is continuous by Lemma T3. 141 The proof of this result is very classical and 
can be easily adapted from EH- □ 


Lemma 3.18 (Uniqueness of ergodic viscosity solutions). Assume that the Hvvotheses 1 3. 21 HOI 
1.9,61 and 1,' 9. 71 hold true. Then uniqueness holds for viscosity solutions (v, A) of (13.121) in the class 
of (continuous) viscosity solutions such that 3a £ R d , u 1 (a) = v 2 (a). 

Proof. Let (u^A 1 ) and (i> 2 ,A 2 ) be two continuous viscosity solutions of (13.121) . First we show 
that A 1 = A 2 . Let us fix 0 < t < T < +oo, and let us consider (Y 1 ’ T,t,x , Z 1 ’ T,t,x ) the solution of 
the following BSDE in finite horizon, Vs £ [t, T], 


yl,T,t,a; _ 


1 (X^ X )+ / [f(X t r > x ,Z)' T ’ t ’ x )-\ 1 ]dr + f g(X*’ x )dKl’ x - f Zy^dWr. 

J s J s J s 
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And we define (Y 2 ’ T ' t ' x 1 Z 2T ' t,x ) similarly, replacing A 1 by A 2 and v 1 by v 2 . By Lemma [3.101 
we deduce that u 1-T (t, x) = Y t )' T ' t ’ x is a viscosity solution of (13.61) . Since v 1 is also a viscosity 
solution of (13.61) with h = v 1 , it follows from Lemma T3.Ill that Vi G [0,T],Vx G G, 

u 1,T (i,x) = v 1 (x). 

Of course, similarly, Vf G [0,T], Vx G G, 
u 2 ’ T (t,x) = v 2 (x). 

Then, taking t = 0, VT > 0, 

u 1,T (0, x) - u 2 ’ T (0,x) = x 1 ^) - x 2 (X£) + f T [f(X x , Zl ’ T •*) - /(*?, Z 2 ' T >*)]ds 

Jo 

+ (A 2 - A 1 )T - [ (Zl’ T ’ x - Z 2 ^ x ) dW* 

J o 

= x 1 ^) - n 2 (X£) - [ (Zl' T ' x - Z 2 ’ T ’“)(-/? s ds + dW s ), 

Jo 

where, Vs G [0, T], 

& = i | Z i.r,x_ z 2/i',x| 2 , it ^ Z s , 

[ 0, otherwise. 

Since (/3 s ) s g[o,T] i s a progressively measurable and bounded process, by Girsanov’s theorem, there 
exists a new probability Q T equivalent to P under which (Wt — / 0 /3 s ds) t6 [o ) T] is a Brownian 
motion. Taking the expectation with respect to this new probability, we get 

u 1,T (0, x) — u 2,T (0, x) E < 5 T (w 1 (X 7 ) —v 2 (Xt)) 2 ,1 


+ A — A . 


T T 

Since v 1 and v 2 are continuous and therefore bounded on G, letting T —> +00 we deduce that 
A 1 = A 2 . 

Applying the same argument as that in Theorem 13. 161 we deduce the uniqueness. □ 


4 Large time behaviour 

4.1 First behaviour 

We recall that ( Y ^ ,x , Zj ’ x ) s >0 denotes the solution of the finite horizon BSDE (13.51) with t = 0 
and that (Yf, Z x , A) s >o denotes the solution of the EBSDE (13.71) . 

Theorem 4.1. Assume that the Hypotheses I H.‘A LV..VI and \d-4\ hold true (path dependent case), 
then, Vx G G, VT > 0: 


Y 1 
1 n 


T 


- A 


< 


G 

T' 
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In particular, 


yT,x 

£o_ 

T 


T —>-+oo 


A, 


uniformly in G. 

Assume that the Hypotheses 
VT > 0: 


and 1 3 . 61 hold true (Markovian case). Then, \/x £ G, 


yT,x 

£o_ 

T 




u(T , x) 
T 




where u is the viscosity solution of (ED- In particular, 


u(T,x ) _ Y 0 T ’ x _ 

T T T—>+oo 


uniformly in G. 

Proof. The proof is identical to the proof of Theorem 4.1 in m Note that the proof is 
even simpler since we work with a bounded subset G of R d and then for any probability Q T , 
E'A [sup 0 < 4<T < C, where C depends only on G and fi. Note that the proof gives an 

important result 

|mt(0, x) — AT — u(x)| < C, (4-1) 

which will be useful for what follow. Finally note that for the Markovian case, Hypothesis 13.61 is 
added in order to obtain uniqueness of viscosity solutions of ED- □ 


4.2 Second and third behaviour 

In this section we introduce a new set of hypothesis without loss of generality. Note that it is 
the same as Hypothesis 13.51 but with modified assumptions for b. However we write it again for 
reader’s convenience. The remark immediately following this new set of hypothesis justifies the 
fact that there is no loss of generality. Let us denote by (Yf’ x ,Zl’ x , A) s >o the solution of the 
EBSDE (13.71) when X x is replaced by X t,x . We recall that this solution satisfies 

Z*’ x = Vv 1 (X t s ’ x )a + Z*. (4.2) 

Hypothesis 4.1. There exists C > 0 such that 

1 . b : R d —> R d is ‘if 1 Lipschitz and dissipative (i.e. 3r/ > 0 such that Vx,j/ £ R d , (b(x) — 

Ky)i x ~y) < -y\x-y | 2 ). 

2 . f T = h(X?f), where h : G —> M is continuous. 

3. Vx £ G, Vz, z' £ R lxfe , \f(x,z)~ f(x,z')\ <C\z-z'\. 
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4. Vz € R lxfc , f(-,z) is continuous. 

5- 9 £ 

Remark 4.2. Note that assuming b to be Lipschitz and dissipative is not restrictive. Indeed, 
let us consider b : G —> only Lipschitz. Let us recall that the purpose of this paper is to study 
the large time behaviour of the viscosity solution of 


du ^ x ' ) = x) + f(x, X7u(t , x)G), 

^+9(x) = 0 , 

u( 0, x) = h(x), 


V(i, x) G R+ x G, 
V(f, x) e R+ x dG , 
Va: e G. 


Now, we define, Va; £ R d , 6(x) := —a; + (6(II(a;)) + II(a:)). Note that b is equal to b on G. 
Furthermore, 

(b(x), V«(t, a;)) + f(x, Vu(t, x)a) = {— x, a;)) + f(x, S7u(t, x)cr), 


where /(x,z) = f(x,z) + (6(II(x)) + II(a;), 2 cr _1 ) is a continuous function in x and Lipschitz in 
z. Therefore, under our assumptions, we can always consider the case b being Y? 1 Lipschitz and 
dissipative by replacing b by (x H > —x) and / by / if necessary. 

Theorem 4.3. Assume that the Hvvotheses \3.2[ HOI 1,9. tal and \f.l\ hold true. Then there exists 
Lgl such that, 

VxSG, Y^-XT-Yff —► L, 

T—>•+oo 


Vie G, u(T,x) — XT — v(x) — > L , 

T->+oo 

where u is the viscosity solution of ED and v is the viscosity solution of (13.121) . Furthermore 
the following rate of convergence holds 

\ y T,x ^ xt _ yx _ L | < c- e -vr ; 


i.e. 


|ur(0, x) — XT — v{x) -L\< Ge“^ T . 

Proof. Let us start by defining 
u T (t, x) := Yt r ’ t ’ x 

writ, x) := Ur(t, x) — X(T — t) — v(x). 

We recall that Yp’ x = u T (s,X^ x ) and that Y x = v(X x ). 

Note that (x wr(0,i)) is continuous and bounded uniformly in T by (14.11) . Therefore one 
can extend the definition of wt(0,x) to the whole R d into a continuous and uniformly bounded 
in T function by setting tti TR d(0,x) := wr(0,II(a;)) where II is the projection on G. 

Let us first state the following proposition whose proof is relegated to the next subsection. 

Proposition 4.4. 

wt{ 0, x) = wr+s{S,x)yx G G. (4.3) 
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For every T > t, the process (wt(s, XS))se[t,T] satisfies the following BSDE in infinite 
horizon, Vi < s < T < +oo, 

™t{s,X'S) = w t (T,Xj, x ) + [ [fiX'S, ZS' X ) - f(XS,ZS)]dr 

J S 

- f (ZS’ X - Z'S)dW r 

J S 

= h(XS) - v(xS) + [ [f(XS, Z T S' X ) - fix's, Z'S)]dr 

J s 

- f iZS’ x - Z'S)dW r . (4.4) 

J S 

Since we do not have a basic coupling estimate for the reflected process X'' x , we will use 
an approximation procedure. We fix infinitely differentiable functions p e : —> R + bounded 
together with their derivatives of all order, such that: f Rd /? E ( x)dx = 1 and 

supp(p e ) c{(eR‘ i : |C| < e} 
where supp denotes the support. Then we define Vn £ N, 

iF n )eix) = / p e iy)F n ix - y)dy. 

J R d 

It is well known that iF n )e is < ^°°- Furthermore, (F n ) e is still O-dissipative. Let iX'S’ n ' E )s>t be 
the solution of 

X'S’ n ’ e = x + J\b + (F n ) s )iX'S’ n ’ £ )dr + jf adW r , Vs > t, 

and (yf’ t ’ x ’ a ’ n ’ e , Zf' ,x ’ a ' n ’ e ) s > t be the solution of the following monotonic BSDE in infinite 
horizon, Vi < s < T < +oo, 

S 

Y 2,t,x,a,n,e = y 2,t,x, a ,n,e + / \j^ X 'S' n ' e , Zl''' x ' a ' n ' e ) - a Y?-'' x ’ a ’ n ’ e ] dr 

J s 

- f ZS’ x ’ a ’ n ’ e dW r . 

J s 

By the same argument as that of Theorem 4.4 in [T5] , there exist sequences e„ 


/3(n) —> +oo and otk —> 0 such that for all T > t, 

n —>-+oo k—>-\-oo 


m —>+oo 


o, 


lim lim lim E / 

£—>•+00 n—>-+oo m—>•+oo 


72,t,x,o<-ki&{n)Sn 


-z: 


ds = 0. 


(4.5) 


In what follows, we will use the following notation. If q a , n ' e denotes a function depending on the 
parameters a, n and e, then 

lim q a ' n ' e := lim lim lim 

Oi,n,£ k— >+oo n—>-+oo m— >+oo 

Now, if we define, for all s > t, 

Z ~t,x,Oi,n,£ . ( vt.x.n .£\i 72i,a:,a,n,£ 

S ■= (vv h d \ X s )a + Z s ' 
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(4.6) 


by the dominated convergence theorem and thanks to (14.21) and (14.51) . for all T > t 


lim E / | Zl' x ’ a ’ n ’ E - Zl’ x \ 2 ds = 0. 

a,n,e J t 


Note that by Theorem 4.2 in |17j . if we dehne v 2,a,n,E (x ) := Y 0 E ' a ’ n ' E , then v 2 ’ a,n ’ e is < ^ 1 and 
Vs > t, 

r^l,t,x,a,n,s _ t^^2,a,n,£ ^j£t,x,n,£ 


Therefore, we have the following representation, Vs > f, 

Zt,x,a,n,e = V^ 1 )^ (X^^a + 

=: Vu a>re ’ e (X*’ a: ’ n - e )CT. 


(4.7) 


Let us denote by (y^’* ,a: ’ a ’"’ e , z'^’ t ’ x ’ a ’ n ’ e )g>t the solution of the following BSDE in hnite horizon, 
Vs e [t,T], 


— T,t,x,at,n,£ 


(rr \rt.X,Tl,£\ I ry 

— w T ,m.d(T,X T ) — / ^ 

J s 


—T,t,x,a,n,£ 


dW r 


T 


( -y-t,x,n,£ yT,t,x,a.,n,£ ryt,x,OL,n,£\ r ( ■yt.x.n.£ nrt,x,a,n,£\ 
%L d \^r -T ) — jRd{A r , Zj r ) 

r T _ r T 


dr 


(h-v) Md (x^ n ’ e )+ [ r n ’ E { S , 

J s 


—T,t,x,a,n ,£ N . / —T,t,x,a,n,£ . 

Z r )dr — Z r dW r , 


(4.8) 


where, for all r > t, z € R lxd , 

7o!,n,e/ M . f ( vt,x,n,£ „ , ryt,x.ot.n.£\ r ( \rt,x,n,£ ryt,x,a,n,£\ 

J ’ (T, z) .= j R d{JL r ’ ,z + Z r ’ ) - /r d(A r , Z r ’ ). 

We define, for all z £ R lxd , 

f(r,z) := f Rd (X?’*,z+Zt’*) - f R d(X^,Z^). 

Now we can apply the stability theorem in 21 to show the following convergence result: 

Proposition 4.5. Vx £ G, 

—T,t,x,a,n,£ , v 

lim Y t = WT\t , X). 

a,n,e 

The proof of this proposition will be given in the next subsection. We dehne 


(4.9) 


u%’ n ’ e (t,x) = Y 


■T,£,x,a,n,£ 

t 


Similarly to equation (14.31) . we deduce that, VT, S > 0 

— a,n,£ /p. \ — ot,n,£ / o \ 
w T (0, x) = w T + s (d, X). 


(4.10) 


Now we are in force to apply the method exposed in m for the quantity w^’ n ’ e (0, x) with 
slight modihcations. 

First we establish the following proposition whose proof is also relegated to the next subsec¬ 
tion. 
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Proposition 4.6. Under the hypotheses of Theorem \4-3\ 3 C > 0, Vx, y £ G, VT > 0, VO < T' < 

T, 3Ct' > 0 , 

|w^,’ ra ’ £ (0, x)| < C, 

|V :E wJ“’ n ’ £ (0,x)| < -^=, 

|i%.’"’ £ (0, x) — wJ^’"’ £ (0, y)\ < Ce~ fjT . 

We stress the fact that C depends only on y, a, G. The constant Ct> depends only on the same 
constants and T'. 

Let us conclude the proof. From Proposition 14.61 we derive, by the same arguments as in m 
that there exists L a,n,e £ R such that Vx £ R d , 

|z%.’"’ £ (0,x) - L a ' n ’ e \ < Ce- f > T . (4.11) 

Therefore, 

/ w;“’ n ’ £ (0, x) < Ce~ f ! T + 

{ L a ’ n ’ E < Ce~^ T + «j“’”’ £ (0,x), 

which implies by (14.91) that 

j wt{ 0, x) < Ce~ f]T + liminf Qi „ i£ L a ’ n ’ £ , 

\ limsup a ^ e L a ’ n ’ £ < Ce- f > T +w T (0,x). 

Then, 

limsup L a,n,e < 2Ce~ flT + lim inf L a ’ n ’ e . 

Oi : n,£ 01 , 71 ,£ 

Letting T —> +oo implies that there exists L £ R such that 
lim L a ’ n ’ £ = L. 

a,n,£ 

Coming back to (14.111) and passing to the limit gives us the result: 

|wt(0,x) — L\ < Ce“’ T . 


□ 

Remark 4.7. As in jT3j , in this paper we need to suppose that a is a constant matrix in order 
to establish the a priori estimates in Lemma T4.61 

4.3 Proofs of the propositions 

Proof of Proposition 14.41 We recall that for all T, S > 0, ut is the unique solution of 

r duT ^’ x ' ) + j£fu T (f, x) + /(x, Vu T (t, x)a) = 0, V(t, x) £ [0, T] x G, 

J du T Jt,x) + = Q> V(t, x) £ [0, T] x <9G, 

[ ut(T, x) = h{x), Vx £ G, 


19 







and that ut+s is the unique solution of 


du T+ s(t,x) + j ^ UT+S (t, x) + f(x, Vu T+ s(t , x)a) = 0, V(t, x) e [0, T + S] x G, 
dUT+ d f' x) +g( X ) = o, V(f,*)e[o,T + s]xdG, 

ut+s{T + S, x) = h(x), V* S G. 


By uniqueness of viscosity solutions, it implies that ut(0,x) = ut+s(S,x), for all x £ G, and 
then, 

u>t(0,it) = wt+s{S,x) 1 Vx € G. 

Proof of Proposition 14. 51 It suffices to check that the Assumptions (A2) and (A3) in 
Lemma 2.3 of U] are verified for the equations ( 14.811 and ( 14 . 41 ) . Let us first give precisely (A2) 
and (A3). 

Assumption (A2) of [4] is: 


Vzr, 22 € R lxd , |/ Q ’ n ’ £ (s, *l) - f a ’ n ' e (s, z 2 )I < G|*! - z 2 \, 

T 

< G; 


E 


J |/“’" ,E (s, 0)| 2 ds 


and Assumption (A3) is: 


lim E 

Q!,n,e 



Zr’ x ) ~ f{r, Z‘, 


T,t 



= o, 


lim E [|(h - v) M ,(X^ n ’ E ) -(h- ^) R ,(0,X^)| 2 ] = 0. 

a,n : e L J 

It is easy to show that (A2) is satisfied. It remains to show that (A3) is also satisfied. We 
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have, Vs £ [f, T] 

r T 


E 


f |/ a ’"’ E (r, ^>*' x - Zl' x ) - /(r, - Z*’ x )| 2 dr 

J S 

r T 

I I f (vt,x,n,e ryT,t,x yt.x t ryt,x,a,n,£\ x ( \-t.x,n.e ryt,x,a,n.E\ 
/ l/R d V^-r ? — J — /R d V^-r > J 

J s 


-f^(x* r ' x , Z^n + foiX?, Z* r n I 2 dr] 

rT 


< CE 


CE 


+ CE 

+ CE 


f \f R i(X$' x ' n ' e ,2?’ t ' x - + z*’ x ’ a ’ n ’ e ) - / R d (X*’ x,n,e , Zj ,t,x )\ 2 dr 

J S 

[ T |/ R d (X*’ x,n,e , Z^ x ) - / R d(X‘> x , ^> x )| 2 dr 

J S 

[ T 1/r.j (X*’ x,n,E , z*’ x,a,n,e ) - / R d (X*’ x,n,e , Zl’ x )\ 2 dr 

J S 


\f R 4X^,Z^) - / R d(X^,^)| 2 dr 


< CE 


\ z t,x,a,n,s _ Zt’ x \ 2 dr 


C E 


I/r^ (X* ,x,n,e , Z^ x ) - f R d (X* ,x , Zj’ t,x )\ 2 dr 


C E 


|/ R d(X^’"’ £ , &*) - / R d(X^, Z‘> x )| 2 dr 


Then (Id.61) implies that the first term converges toward 0. Furthermore, since 
lim Ei „ Esup t < s < T | Xl’ x ’ n ’ E - X‘> x | 2 = 0, we have 


| Xl’ x ’ n ’ e - X, 


t x\ 


0 , ase-> 0, 


+ 00 , 


and 


|/ R d(XW,Z r T ’^) _ / R d ( X* ,x , Zj ,t,x )\ 2 < (7(1 + |Z r T '*’ x | 2 ) 

which shows the uniform integrability of \f R d(X*’ x,n,e , Zj’’ t,x ) — f R d(X* ,x , Zj ,t,x )| 2 . Therefore, 
the second term converges toward 0. The same argument applied to the third term shows that 
this last term also converges toward 0. 

Furthermore, by continuity and boundedness of (h — u) R d , we deduce that: 

lim E [|(ft, — u) R d(Xjf’"' £ ) -{h- <;) R d(0,X^)| 2 ] = 0. 

a,n,e 

Thus (A3) is satisfied. Therefore, by Lemma 2.3 of [3] applied to (14.81) and (14.41) . we obtain: 

r T -T,t,x,a,n,e , . 

hm Yf =w TM d(t,x). 

CX.,n,E 


Thus, Va; £ G, 

t -r-pT,t,x,cx.,n,E 

lim Y t 

Oi,n,£ 


W T {t,x). 
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Proof of Proposition [476]. The first estimate is a direct consequence of Girsanov’s theorem. 
Indeed, we have, 


—T,x,a,n,e 

*0 


= {h-v) Rd (X^ n ’ e )- [ Z 

Jo 


—T,x,Oi,n,e 


dW r 


r-T 


f / Y'X.n.e , yx,a 1 n,e\ x f vx.n.e '7X.a.n.e\ 

/R d 'Wr T^r T A r jR d \^r i^r ) 


dr 


= w T { 0,X x ’ n ’ e ) - / Z*' x ' a ’ n '\-p r dr + d W r ), 
10 


where 


p r :=< | -— , a -- 


0 , 


otherwise. 


Since /3 is a progressively measurable and bounded process, there exists a new probability equiv¬ 
alent to P, Q T ’ a ’ n ’ £ under which (W a — f 0 /3rd , c)r-e[o,T] is a Brownian motion. Therefore, thanks 
to estimate (ED: 

|F^ w ’ £ |<E« T ’ Q ' n '> T( o,x^’ £ )| 

< c. 

Let us establish the second and third inequality of the proposition. First we notice that 
thanks to equation (14.31) . VO < T’ < T, Vs £ [t,T 7 ], 


/.T' 




_ _a,n,£ (rpf -yt,X,n,£\ _ 

^T,R d / 

/•T' 


~dW r 


/ \rt,X,n,£ t,X,Oi,71,£ ryt,X,Oi,n,£\ f ( \rt,X,n,£ ryt ,X ,CX.,n ,£\ 

d{A. r ,/j r I Zy J 


dr 


= w. 


T—T‘ 


r T ' m r T ' m 

,£ (c\ \rt,x,n,£\ , / ra,n,£ ( n ryT,t,x,a,n,£. / T,t,a:,a,n,e 

r',R d (°’ X T' ) + / / (s,Z r )dr- / Z r dvv r . 

Js J s 


We recall that we have the following representation: 

= VF(X*’ x ’ n ’ e )a. 


Furthermore, by Theorem 4.2 (or Theorem 4.2 in [5]), as w^’ n ’ e (t,x) := Y ^’ t ’ x ’ a,n ’ s , (a; i—>■ 
u^’ n,e (t, x)) is continuously differentiable for all t £ [0,T[ and Vs £ [t,T[, 

Zt’ x ’ a ’ n ’ s = VW^' n ’ s (s,Xl’ x ’ n ’ E )a. 

Therefore, we can apply the same method as exposed in m to obtain the second and third 
estimate. 


5 Application to an ergodic control problem 

In this section, we show how we can apply our results to an ergodic control problem. We assume 
that Hypotheses 13.21 and 13.31 hold. Let U be a separable metric space. We define a control a as 
an (^t) t >o-predictable [/-valued process. We will assume the following. 
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Hypothesis 5.1. The functions R : U —>• G, L : G x U — >• R and ho : G —> R are measurable 
and satisfy, for some C > 0, 


1. \R{a)\ <C, Va £ U. 

2. L(-, a) is continuous in x uniformly with respect to a £ U. Furthermore | L(x, a)| < C, \/x £ 

G,Va £ U. 

3. ho(-) is continuous. 

4. g £ y l (G). 

We denote by (Xf) t >o the solution of (13.411 . Given an arbitrary control a and T > 0, we 
introduce the Girsanov density 

Pt° = ex P ( J (J~ 1 R{a s )dW s - ^ J |tr” 1 f?(a s )| 2 ds 


and the probability = p9p P on We introduce two costs. The first one is the cost in finite 
horizon: 


J T (x,a) := E a ’ T 


L(X*,a s )ds ■ 


9{X*)dKl 


+ E a ’ T h 0 (X£), 


where E° ,T denotes the expectation with respect to Pip. The associated optimal control problem 
is to minimize the cost J T (x,a) over all controls a T : 12 x [0,T] —> U, progressively measurable. 
The second one is called the ergodic cost and is the time averaged finite horizon cost: 


J(x,a) := limsup ^E a,T 

T —^-)-oo T 


[ T L(X*, a s )ds + f g(X*)dKl 
Jo Jo 


The associated optimal control problem is to minimize the cost J(x,a) over all controls a : 
f l x [ 0 , +oo [—> +oo, progressively measurable. 

We notice that W" = Wt — / 0 * d _1 J?(a s )ds is a Brownian motion on [0, T] under Pp and that 

AXf = (b(Xf) + R(at))dt + adW t a + V<j>{Xf)dK%, Vt £ [0, T\, 

and this justifies our formulation of the control problem. 

We want to show how our results can be applied to such an optimization problem to get an 
asymptotic expansion of the finite horizon cost involving the ergodic cost. 

To apply our results, we first define the Hamiltonian in the usual way, 

fo(x,z)= inf {L(x : a) + za 1 R(a)\ , (5.1) 

a£U 

and we note that , if for all x, z the infimum is attained in EH), then by the Filippov theorem 
(see [20]), there exists a measurable function 7 : G x R lxd such that 

fo(x,z) = L(x,*i{x,z)) + za~ 1 R('y(x,z)). 


Lemma 5.1. Under the above assumptions, the Hamiltonian fo satisfies assumptions on f in 
Hypotheses \ 3. 41 \3.5\. 1 3 . 71 or E3 
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Proof. See Lemma 5.2 in 0. □ 

We recall the following results about the finite horizon cost: 

Lemma 5.2. Assume that Hypotheses l,V. 11 Iff. 61 and \5.1\ hold true. Then for arbitrary control 

a T : ft x [0, T] -> 17, 

J T (x,a T ) > u(T,x), 


where u(t,x) is the viscosity solution of 


du{ tf x) = Afu(t, x) + f 0 (x, Vu(t, x)G), 

^t 1 +9(x) = 0 , 

u( 0 ,x) = /io(x), 


V(t, x) G R+ x G, 
V(t,x) G 1+ x <9G, 
Vx G G, 


Furthermore, ifX/x, z the infimum is attained in EH then we have the equality: 

J T (x,a T ) = u(T,x), 
where aj = j(X *, Vu(t, Xf)a). 

Proof. The proof of this result is similar to the proof of Theorem 7.1 in 0, so we omit it. 


□ 


Similarly, for the ergodic cost we have the following result. 

Lemma 5.3. Assume that Hvvotheses \S.‘A \d.!A \!i.6\ and \5.1\ hold true, then for arbitrary control 
a : x [0, Too[— U, 

J{x, a) > A, 


where (v, A) is the viscosity solution of 

( Ff’v + fo(x,Vv(x)a) — X = 0, Vx G G, 

\^l+g( x )=0, Vx G dG. 

Furthermore, ifX/x , z the infimum is attained in (EH) then we have the equality: 
J T (x, a) = A, 


where a t = 7 {X£, Vv(Xf')a). 

Finally, we apply our result to obtain the following theorem. 

Theorem 5.4. Assume that Hypotheses Id. A 17.7117.61 and HOI hold true. Then, for any control 
a : fl x [0, T] —> U, we have 

liminf Lm > A. 

T—>+oo T 

Furthermore, if\/x , z the infimum is attained in EH) then 
| J T (x, a T ) — J(x,a)T — v(x) + L\ < Ge“'' T . 


Proof. The proof is a straightforward consequence of the two previous lemmas above and of 
Theorem 14.31 □ 
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